In this paper, we carry out a study of peristaltic motion of an incompressible micropolar fluid in an asymmetric channel. The flow analysis has been developed for low Reynolds number and long wavelength case. Exact analytic solutions have been established for the axial velocity, microrotation component and stream function. Expression for the shear stresses are also obtained. The effects of pertinent parameters on the pressure rise per wavelength are investigated by means of numerical integration. The phenomena of trapping is further discussed. The results for micropolar fluid are compared with those for Newtonian fluid.
Introduction
It is well known that peristaltic flows can be generated by the propagation of waves along the flexible walls of a channel. Such flows occur in urine transport from kidney to the bladder through the ureter, chyme transport in the gastro-intestinal tract, movement of spermatozoa in the ductus efferentes of the male reproductive tract, movement of ovum in the female fallopian tube and vasomotion of small blood vessels. Peristaltic flows also play indispensable role in some biomedical instruments, such as heart-lung machines. Due to complexity of fluids, several models have been proposed in the literature. Amongst the several models of real fluids, the simplest one is the Newtonian. Equations which govern the flow of Newtonian fluids are the Navier-Stokes equations. But there are many fluids whose behavior cannot be described by the classical Navier-Stokes model. The inadequacy of the theory of Newtonian fluids in predicting the behavior of some fluids, especially those of high molecular weight leads to the development of nonNewtonian fluid mechanics. Undoubtedly, the governing equations for non-Newtonian fluids are of higher order, much more complicated and subtle in comparison with Newtonian fluids. These equations present special challenges to engineers, mathematicians, numerical simulists and physicists alike. Even then, several investigators [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] have recently engaged in making progress in flows of non-Newtonian fluids.
Although there is extensive literature available on peristaltic flows of Newtonian fluids, very limited attention has been given to peristaltic flows of non-Newtonian fluids. Some recent studies relevant to peristaltic flows may be mentioned, such as the references [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Furthermore, it is worth mentioning that there is not a single constitutive equation which exhibits all properties of non-Newtonian fluids. For this reason, many non-Newtonian models or constitutive equations have been proposed and most of them are empirical or semi-empirical. Amongst these models there is a micropolar fluid for which one can hope to obtain an approximate solution. In fact Eringen [29, 30] originated the theory of micropolar fluids. Such a fluid can support coupled stresses, body couples and exhibit microrotational and microinertial effects. This theory is expected to provide a mathematical model for the rheological behavior in certain man-made liquids such as polymers and also liquids such as blood. The theory of micropolar fluids is a special case of the theory of simple microfluids [31] introduced by Eringen himself. A detailed survey of microcontinum fluid mechanics with various applications in physiological fluid flows has been given by Ariman et al. [32] . Lukasazewicz [33] in his recent book discussed many interesting aspects of the theory and applications of micropolar fluids.
Ever since the theory of the micropolar fluid appeared, a few workers have attempted peristaltic flow problems concerning these fluids. For example, Devi and Devanathan [34] studied the peristaltic motion of a micropolar fluid in a cylindrical tube with sinusoidal waves of small amplitude travelling down its flexible wall for the case of low Reynolds number. Srinivasacharya et al. [35] recently discussed the peristaltic transport of a micropolar fluid in a circular tube using low Reynolds number and long wavelength assumptions.
In the present paper, our concern is to investigate the peristaltic transport of a micropolar fluid in an asymmetric channel. Now it has been noted by physiologists [36] that the intra-uterine fluid flow due to myometrial contractions exhibits peristalsis and myometrial contractions may occur in both symmetric and asymmetric directions. It is also well known that blood is a non-Newtonian fluid in microcirculation [37, 38] . Therefore, such consideration of peristaltic transport may be used to evaluate intra-uterine fluid flow in a non-pregnant uterus [39] . Also the main advantage of using a micropolar fluid model over the other non-Newtonian fluid models is that it takes care of the rotation of fluid particles by means of an independent kinematic vector called the microrotation vector. The present analysis of peristaltic flow is confined to large wavelength and low Reynolds number assumptions. Closed form solutions are developed for axial velocity, axial pressure gradient, stream function and microrotation component. The numerical discussion of the pressure rise per wavelength, shear stresses and trapping is presented.
Mathematical formulation
Consider the peristaltic transport of an incompressible micropolar fluid in a two dimensional channel ( Fig. 1 ) of width d 1 + d 2 . The flow is induced by sinusoidal wave trains propagating with constant speed c along the channel walls. The geometry of the wall surfaces is
where a 1 and a 2 are the amplitudes of the waves, λ is the wave length, c is the wave speed, φ (0 ≤ φ ≤ π) is the phase difference,X andȲ are the rectangular coordinates withX measured along the axis of the channel andȲ perpendicular toX . Let Ū ,V be the velocity components in a fixed frame of reference X ,Ȳ . It should be noted that φ = 0 corresponds to a symmetric channel with waves out of phase and for φ = π the waves are in phase.
In the laboratory frame X ,Ȳ the flow is unsteady. However if observed in a coordinate system moving at the wave speed c (wave frame) (x,ȳ) it can be treated as steady. The coordinates and velocities in the two frames are related through the following expressions
whereū andv are the velocity components in the wave frame. Neglecting body force and body couple, the equations governing the steady flow of an incompressible micropolar fluid are 6) wherev is the velocity vector,w is the microrotation vector,p is the fluid pressure, ρ andj are the fluid density and microgyration parameter. Further, the material constants µ, k, α, β and γ satisfy the following inequalities [28] :
For the flow under consideration, the velocity field isv = (ū,v, 0) and microrotation vector isw = (0, 0,w). We introduce the non-dimensional variables, the Reynolds number (Re) and the wave number (δ) as follows:
The governing equations in dimensionless form can be written as 12) where
is the micropolar parameter [28] and α, β do not appear in the governing equation as the microrotation vector is solenoidal. These equations reduce to the classical Navier-Stokes equation when k → 0.
Adopting the long wavelength and low Reynolds number approximations, Eqs. (2.9)-(2.12) reduce to
14)
The dimensional volume flow rate in the laboratory frame is
In the above equationh 1 andh 2 are functions ofX andt. In the wave frame the above equation reduces to 
The time-averaged flow over a period T at a fixed positionX is
Invoking Eq. (2.19) into Eq. (2.20) and then integrating one can writē
Defining the dimensionless mean flows θ in the laboratory frame and F in the wave frame as
Eq. (2.21) can be written as
The dimensionless form of the surfaces of the peristaltic walls is
In the wave frame, the boundary conditions are
(2.27)
Exact solution
With the help of Eq. (2.15), Eq. (2.14) can be written in the following form
Integration of the above equation yields
Upon making use of above equation in Eq. (2.16) we get
The general solution of Eq. (3.3) is
Inserting above value of w into Eq. (3.2) we can write 5) in which C 1−4 are the constants of integration and χ 2 = m 2 / (2 − N ). The arbitrary constants involved in Eq. (3.5) can be found with the help of boundary conditions (2.26) and (2.27) and are given by
Using Eq. (2.24) we find that
where
The corresponding stream function is
where the values of L 1 -L 11 are given in the Appendix. The non-dimensional expression for the pressure rise per wavelength P λ is
4. Shear stress distribution at the walls An interesting property of the micropolar fluid is that the stress tensor is not symmetric. The non-dimensional shear stresses in the problem under consideration are given by
1) The shear stresses τ x y and τ yx are calculated at both the lower and upper walls and graphical results are shown in Figs. 5-8.
Numerical results and discussion
The expression for P λ involves the integration of d p/dx. Due to the complexity of d p/dx, Eq. (3.9) is not integrable analytically. Consequently, a numerical integration scheme is required for the evaluation of the integrals. MATLAB is used to evaluate the integral and the results are displayed graphically for various values of the parameters of interest. In Fig. 2a effects of the microrotation parameter m on P λ are seen. The value of φ is taken to be zero (symmetric channel). One can see that the pumping curves are linear both for Newtonian and micropolar fluids. Moreover, the pumping curves for micropolar fluid lies above the Newtonian fluid in pumping region ( P λ > 0) but as m increases the curves tend to coincide. In copumping region (for an appropriately chosen P λ < 0) the pumping increases with an increase in m. We have given the length of intervals of θ where P λ > 0 and P λ < 0 in Table 1a .
Observe that the length of the interval for the flow rate θ where P λ > 0 increases when we switch form Newtonian to micropolar fluid. But as the values of m increase from 2 to 5 the length of the interval decreases and tends to coincide with the length of interval for the Newtonian fluid. Fig. 2b shows the effects of microrotation parameter m on P λ for φ = π/4 (asymmetric channel). Here it is interesting to note that pumping decreases in an asymmetric channel when compared with symmetric channel. Also the length of the interval for the flow rate θ where P λ > 0 decreases in an asymmetric channel both for Newtonian and micropolar fluids when compared with symmetric channel but in the case of micropolar fluid as m increases from 2 to 5 the upper limit of the interval for θ where P λ > 0 tends to coincide with the upper limit of the interval for θ for Newtonian fluids (Table 1b) .
Figs. 3a and 3b are made just to see the effects of coupling number N on P λ for symmetric and asymmetric channels, respectively. Here the pumping increases with an increase in N and the pumping curve for the Newtonian fluid lies below the curves for micropolar fluid in the pumping region. In the copumping region (for an appropriately chosen P λ < 0), the pumping decreases with an increase in N . Here the length of the interval for θ, where P λ > 0, increases with increasing N (Table 2a) . From Fig. 3b it is found that pumping curves for both Newtonian and micropolar fluids in an asymmetric channel lie below the pumping curves for Newtonian and micropolar fluids in a symmetric channel. The length of the interval for θ where P λ > 0 decreases both for Newtonian and micropolar fluids in going from symmetric to asymmetric channels (Table 2b) . Fig. 4a elucidates the effects of the upper wave amplitude a on P λ . It can be seen that in the pumping region ( P λ > 0) the pumping increases with an increase in a, while in copumping (for an appropriately chosen P λ < 0) the pumping decreases by increasing a. In this case the length of interval for θ where P λ > 0 increases for large a (Table 3a) . The effects of lower wave amplitude b on P λ are similar to that of a ( Fig. 4b and Table 3b ). We have sketched Fig. 4c for the effects of channel width d on P λ . Note that the pumping decreases for large d (in pumping region) while in copumping (for an appropriately chosen P λ < 0) the pumping increases with increasing d. The length of the interval for θ where P λ < 0 decreases with an increase in d which is evident from Table 3c . Fig. 4d depicts the effects of phase difference φ on P λ . The effects are similar to that of d on P λ . Here as in the previous case the length of interval for θ where P λ > 0 decreases with an increase in φ (Table 3d ). It is known that stress tensor is not symmetric in micropolar fluid. That is why the expressions for τ x y and τ yx are different. We have plotted the shear stress τ x y at the upper wall for various values of m in Fig. 5a when φ = 0 (symmetric channel). It can be seen that shear stress is symmetric about the line x = 0. However, it decreases with an increase in m. Moreover, the shear stress has direction opposite to the upper wave velocity. For an asymmetric channel (Fig. 5b) shear stress decreases for x ∈ [−0.5, 0] and x ∈ [0.35, 0.5] while it increases for x ∈ [0, 0.35] when m is increased. The shear stress τ x y at the lower wall is plotted for various values of m in Fig. 6a for symmetric channels. The shear stress here decreases with increasing m and also the shear stress has its direction along the lower wave velocity. The effects of m on the shear stress τ x y at the lower wall for an asymmetric channel are opposite to that in symmetric channels for x ∈ [−0.5, −0.1] and similar for x ∈ [−0.1, 0.5] (Fig. 6b) . Further the direction of shear stress is also along the lower wave velocity as in (Fig. 6a) . Fig. 7a depicts the effects of N on the shear stress τ yx at the upper wall. It is obvious from Fig. 7a that an increase in N increases the shear stress. The direction of shear 
Table 3c
Intervals for flow rate θ for different values of d
Parameter (d)
Interval for θ where P λ > 0 Interval for θ where P λ < 0
The other parameters chosen are a = 0.5, b = 0.5, m = 3, φ = π/4 and N = 0.4.
Table 3d
Intervals for flow rate θ for different values of φ Parameter (φ) Interval for θ where P λ > 0 Interval for θ where P λ < 0
The other parameters chosen are a = 0.5, b = 0.5, m = 3, d = 1.5 and N = 0.4. (Fig. 7b) . Fig. 8a is prepared just to see the effects of N on the shear stress τ yx at the lower wall. It is found that shear stress τ yx increases with an increase in N . The direction of the shear stress is along the direction of the lower wave velocity. However, for an asymmetric channel shear stress τ yx at the lower wall decreases when x ∈ [−0.5, −0.1] and increases for x ∈ [−0.1, 0.5] with increasing N (Fig. 8b) . It is fairly interesting to see the variation of d p/dx over one wavelength for various values of m and N . Figs. 9a and 9b present the variation of d p/dx over one wavelength for different values of m and N , respectively. It is noted that an increase in m decreases the magnitude of d p/dx while it increases with increasing N .
We have also tabulated the values of the axial velocity u at a fixed position x with y for different values of m and N in Tables 4a and 4b . It is noted from these tables that the velocity profile is parabolic in nature and the magnitude of velocity decreases near the boundaries, however it increases at the centre line y = 0 with increasing m and N .
Another interesting phenomenon in peristaltic motion is trapping. In the wave frame, streamlines under certain conditions split to trap a bolus which moves as a whole with the speed of the wave. The effects of m on the stream lines pattern both for symmetric and asymmetric channels can be seen through Fig. 10 . The right panels are for φ = 0 (symmetric channel) and left panels are for φ = π/2 (asymmetric channel). It is observed that the size of the bolus decreases with an increase in m both for symmetric and asymmetric channels but the trapped bolus move towards the left in an asymmetric channel. Here both in symmetric and asymmetric channels the centre streamline is trapped. To see the effects of N on streamline patterns both for symmetric and asymmetric channels, we have sketched Fig. 11 . In this case it is seen that size of the trapped bolus increases with increasing N both for symmetric and asymmetric channels. Trapping phenomena largely depend on the values of flow rate θ. Actually, flow rate is mainly responsible for trapping at the center line, near the boundary or nowhere. We have prepared Fig. 12 to support this argument. Note 
Concluding remarks
A study is made in order to explain the peristaltic transport of a micropolar fluid in an asymmetric channel. Closed form analytic solutions are constructed for axial velocity, axial pressure gradient and stream function. The expressions for shear stresses τ x y and τ yx are also given. The effects of various emerging parameters on the axial velocity, axial pressure gradient, pressure rise over a wavelength, shear stresses and stream line flow patterns are seen with the help of graphs. From the presented analysis the following conclusions can be drawn:
• The magnitude of pressure rise per wavelength for micropolar fluids is greater than that of Newtonian fluids in the pumping region while in the copumping region the situation is reversed.
• An increase in either a or b causes an increase in the magnitude of pressure rise in the pumping region and a decrease in the copumping region.
• Shear stress τ x y at the upper wall decreases with an increase of m in a symmetric channel, while it increases in the narrow part of an asymmetric channel. The observations regarding the shear stress τ x y at the lower wall are quite similar to those for the upper wall except that at the upper wall τ x y has its direction opposite to the upper wave velocity while at the lower wall τ x y has its direction along the wave velocity.
• Shear stress τ yx at the upper and lower walls increases with increasing N for symmetric channel. However, for an asymmetric channel it increases over some portion of one wavelength and decreases over the other.
• Axial pressure gradient d p/dx decreases with increasing m while it increases when N is increased.
• The velocity profile decreases with increasing m and N near the boundaries while the situation is reversed at the centre line.
• The size of a trapped bolus decreases with an increase in m while it increases with an increase in N .
• The trapping phenomenon is largely dependent upon the values of the flow rate θ.
Here we provide the values of the constants appearing in Eqs. (3.6)-(3.9). These are
